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Abstract

For the natural vibration of rods of pre-twisted rectangular cross-sections with its centerline spatially
curved and twisted arbitrarily, a system of non-dimensional ordinary differential equations is obtained in
three translation displacements and three rotational angles of the rod. The eigenvalue problem is solved for
the natural frequencies of various pre-twisted angles of the rectangular cross-section area, aspect ratios,
slenderness ratio, end conditions and functions of varying cross-section area along the rods by using a
numerical method of Runge—Kutta integration. The eigenvalues are determined by the vanishing of a rank-
six determinant whose column vectors are obtained at the end of six independent numerical integrations.
The differential equations of the adjoint operator system for the eigenvalue problem with its associated
boundary conditions are also derived and solved for the eigenvalues to check with that of the vibration
system. It is found that the effect of increasing pre-twisted angle of the rod is that the lowest natural
frequency of an arbitrary curved rod will asymptotically tend to be a constant, in spite of slenderness ratio,
aspect ratio of the rectangular cross-section, E/G ratio, types of end conditions, or the functions of the
cross-section area along the rod.
© 2004 Elsevier Ltd. All rights reserved.
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Nomenclature

ASPR aspect ratio of the rectangular rod

a radius of cylindrical surface for a helix

b pitch of helix divided by 2=n

As, A3y cross-section area of rod

C; independent coefficients for ‘7’5,
i=1,...,6

d diameter of a circular rod with its cross-
section area equal to that of the rectan-
gular rod

(¢1,¢,,¢3) base unit vectors in principal normal,
bi-normal and tangential directions

E Young’s modulus

G shear modulus

Ii1,12,133,112, 110,120 dimensional moment of
inertia

I,I,,I15,I5 non-dimensional moments of inertia,
(dimensional 1)/ 43¢

/;, (k1,k>,k3) bending or twist rotational defor-
mation

K,I' non-dimensional curvatures

KE kinetic energy of rod

L lagrangian of a rod, L = KE — PE

l length of the rectangular rod

m internal moment in the rod cross section

(M, M, M3) components of amplitude of mo-
ment 7 for small oscillation

N the matrix of the system of linear
differential equations

@, the first lowest frequency of natural
vibration

(21)g . the first lowest natural frequency for the
straight Euler—Bernoulli beam theory

PE potential energy of a rod
q internal force in the rod cross-section
(01, 0,,0;) components of amplitude of shear

force ¢ for small oscillation

S, s non-dimensional and dimensional mea-
surement along arc length

T non-dimensional torsion

r a variable of parametric expression for

the curve of rod geometry
i, (u1,ur,u3) displacement vector of rod element
(U1, Uy, U3) components of amplitude of dis-
placement vector # for small oscillation
in xy, Xy, and x3 directions
(V1,Va,...,Vi2) components of amplitude of
variables in adjoint operator system

X, (x1,x2,x3) local reference frame

p uniform pre-twist angle per unit arc
length of the rod

H stretching and shear deformation of rod

R element

0 rotation vector of rod element

(©1,0,,03) components of amplitude of rota-
tion vector 6 for small oscillation

K, dimensional curvatures, +/x%4 92 =
a/(a* + b*)

0 density

T dimensional torsion, b/(a* + b?)

P variable vector of the system of linear

differential equations

non-dimensional and dimensional angu-

lar frequency, Q* = (pf?/E)w>

(2))g . first lowest frequency € for the straight
Euler—Bernoulli beam

Q, w

1. Introduction

Spatially curved and twisted rods find applications in many engineering and architectural
systems. Tabarrok et al. developed a finite element formulation for the free vibration of this type
of rods [1], and also a computation method for the dynamics of these rods [2]. In the early days there
has been a number works on the dynamics of planar rods [3-7], and on the pre-twisted, curved and
helical rods [8—13]. In the related work on buckling of helical springs under compression and, or
torsion, Yildirim [14] verified that the rod-model approximation is appropriate for springs with large
numbers of turns. Recently, Tobarrok and Xiong [15] derived a finite element formulation for the
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vibration and buckling of curved and twisted rods under load. Also, Cleghorn [16] studied the
natural frequencies of helical spring subject to a static axial compression load by using transfer
matrix method. In the present study, simple finite steps of integration of numerical calculation for a
system of first-order ordinary differential equations and the boundary conditions are developed to
obtain the nature frequencies of arbitrarily spatially curved rectangular pre-twisted rod, with its
centerline being a space curve featured by varying space-curve curvature and torsion.

2. Formulation

The local coordinate reference frame x;,x, and x3 (principal normal ‘é7’, bi-normal ‘e3>’ and tangent
‘e3’ to the general helix) is used in the formulation of the differential equations.For the system as
illustrated in Fig. 1, the arc length of the rod along its centerline is denoted by s, and k,y are the
curvatures, 7 is the torsion of the centerline. At each point of the centerline of the rod, one must define
a local ortho-normal system of vectors in the Serret—Frenet formulas as in Ref. [17], they are

de; _

—— = T€) — Ke€3

ds ’

dé, L

—— = —71é; + yé3,

ds

de; .

—— = Ké| —yé,. (1)
ds

Let a rod of finite length subject to small deformation in stretching, shear and bending. The change
in the rotation vector of a sliced cross-section element may be expressed as

!

)

k=—, 2a

3 (2a)

where k denotes the change in curvature—twist along the arc length s. For the stretching and shear

deformations €, one can express the change in the displacement vector # of a sliced cross-section
element as

<«

PPN} (2b)
Os

where € denotes the stretching and shear deformation. These two equations may be viewed as
generalization of the Timoshenko beam kinematics to curved rods. For linearly elastic behavior, € and
k may be written in the constitutive relations as

G4; O 0 &

Gg=| 0 GA4; 0 ||e|, 3)
0 0 Eds||e
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Fig. 1. (a) Space geometry and (b) curvature and torsion of the rod, for I' = 0.

El,, EIl; 0 ki
m= | Elny Eln 0 ka |, (4a)
0 0 Gl k3

where ¢ and 7 are the internal force and moment vectors in the rod. A5 denotes the cross-section area
of the rod. E and G denote Young’s modulus and shear modulus, respectively. 111, I12, 21, and I, are
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the element of the inertia tensor of area moment about the axes X; and X,, while /33 denotes the
torsion constant. If the pre-twisted angle per unit length of the rod is § along the arc length s, and /¢
and [,y denote the principle moment of inertia. Then, we have

I = —I19cos?(Bs) + I sin’(Bs),
122 = 110 SiIlQ(ﬁS) + 120 COSZ(ﬁS),
I, = —(110 — 1) sin(fs) cos(fs),

Iy = 1. (4b)

Under prescribed configuration of the rod, the potential energy PE and the kinetic energy KE of the
rod may be expressed as

¢
1 —
PE=/ 5(5-?1+k-r71)ds (5)
0
| Ou; Qu; 00; 00;
KE = As—L —L 4 pI, d 6
/0 <p36t6t Jaza>s ©
In the case of small displacements and rotations about equilibrium, the Lagrangian can be obtained
L =KE — PE. (7)

A direct application of Hamilton’s principle for the curved rod

t ! t
5/ Ldl=5/ dS/ drL ul,u2:u3:91,92,03»%,%5%,
0 0 0 aS aS aS

00, 30, 30; dw dw dw A0, A AWy N -
ds 0s0s ot ot or ot oo )T
This provides the Euler—Lagrange equation [18].
0 oL 0 0oL oL
— — -——=0, i=1,2,3 9
0t 0(0u;/0t) + Os O(0u;/0s)  Ou; ! U ®
0 oL 0 0oL oL —0, i=1.2.3 (10)

81 300, /31) T 85 3(00,/05) _ 30,
Written in detail, Egs. (1), (2), (9) and (10) are as follows:

0 Ou 0
=~ <pA3—1> gy —wgy =0,

ot ot Os
0 Ouy 0q, B
T <PA3 E) o +74; =0,

0 Ous Oq
5 <pA3—> — —53 + kg, — y¢, = 0,
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0 00, 0 06, om, _
T <'01”6—t> try, <112§> — s Tt um = Kms = 0,

0 692 0 691 6m2
a <P122§> try <112§> — oy i tumtyms = 0,

0 00 0
<'01336—t3> OBy kmy — ymy = 0,

ot os
Quy 4
g—fu2+kU3—02—GA3,
Quy 42
-2 _ 0, = 12
3s + tuy — yuz + 04 GAs’
Ous _ 43
o KUy + yuy A’
00, I, (00, _m
a—‘[@z—i—K& +I_11<§+101 —))03) —EI“,
I, (00, 00, o
1—22<§—T02+K03> +§+101 —'))03—%,
603 m3
— — k0 0 =——. 11
os * l+y 2 G133 ( )

For static situation, 9(-)/0¢ = 0, these 12 equations of Eq. (11) can be reduced to static form and
are agreed with those static differential equations obtained by Motterhead [§]. As one attempting to
look for normal mode solutions in which all the displacements and rotations oscillate with the same

frequency w, thus one may assume

q;, = Qi(s)eiwt,

m; = M(s)e"",

u = Ui(s)e™”,

0; = @,(s)e'". (12)

To reach a system of non-dimensional first-order differential equations one may introduce

0, = EA3Q!, M;=EALM?, U;=(U, ;=0 As=AxA*s),

I = A3521?’ Iy = A3521?;', o =\ E/pl*Q",
s=10s", k=(1/0K*, ©=1/0T", y=(1/0". (13)
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By removing all the *s for simplicity, the non-dimensional equations are

d
%—TQ2+KQ3+QZU1=0,
d
%+TQ1—FQ3+Q2U220,
d
%—KQ1+FQ2+Q2U3=O,
dM
dsl — TM> + KM;3 — O, + Q*(1,0, + 11,0,) = 0,
dM
Wz + TM, — M3+ Q, + Q*(1,0, +1,0)) = 0,
dM
ds3—KM1+FM2+QZI3@3:0,
dU, E
=l 7 KUs;—0,=0,(=
s U, + KUz — 0, Q1<G>a
dU, E
2247 —TU;=0,(=
o +7TU, + 06, Us QZ(G)’
dU
“ S _KU +TU, = 0;,
ds
de I, (dO M
—I—T@2+K@3+£ —2+T@1—F@3 =—1,
ds I \ ds I;
I, (dO de M
L= TO,+ KO3 ) +—=4TO, —TO; =2,
12 ds ds 12
d@3 M3 E
€5 _ ke +re, =2 (L), 14
ds 1o I3 <G> (9

The end conditions commonly used in Egs. (14) may be fixed, free, pinned or sliding-end
conditions at s=0 and 1. For these variety end conditions, the following mathematical
conditions should apply respectively, U =U, =U;=0,=0,=603=0, for fixed end
condition, Q; = Q, = Q3= M| = M, = M3 =0, for pinned end condition, M| = M, = M3 =
Uy =U,=U;=0, for free end condition, and O, = 0, = 0; = 01 = O, = O3 = 0, for sliding
end condition.

3. Method of solution

A fourth-order Runge—Kutta algorithm [19] of step-by-step integration for a system of first-
order ordinary differential with initial conditions is employed in the computation. It is convenient



932 Y.D. Shih et al. | Journal of Sound and Vibration 285 (2005) 925-939

to rewrite Eq. (14) in the form

dv _ NY, (15)
ds

where ¥ = (01,05, 05, M, M>, M3,U;,U,, U3z, 0,0, O5]'. To illustrate the method,
the fixed—free end conditions of a cantilever rod are considered. Let @1, ';’”2, S_f’g, @4, ¢’5 and '17’6
be the six independent solutions obtained through the integration of Eq. (15) satisfying
the end conditions at s=0,U; = U, = Uz =0 = @, = @3 =0, therefore the six corres-
ponding initial conditions for the six independent solutions of the system of differential equations
are,, ¥1(0)=[1 00000000000 ,%0)=[010000000000],...and ¥s0)=
[000001000O0OO0]" respectively. Finally, the general solution of Eq. (I5) satisfies
the boundary condition at s =0, must be the linear combination of the six independent
solutions.

P(s) = C1P1(5) + C2Pa(s) + C3P3(5) + CaPa(s) + CsPs(s) + CoPo(s). (16)

Imposing the condition at the free end, Q;, = 0, = Q3 = M| = M, = M3 =0 at s = 1, one must
demand that the six components of ¥(1) to be zero, that is,

P(1)=0, i=12,...,6

Hence the function of Q for eigenvalue relation is

) Pad) --- Pe(l)
R B i
Pie(1) Pa(l) --- Wes(l)

where ¥;(1) is the jth component of 57’,(1).
For fixed values of I', E and G, and variable parameters K, T,1;,1,,1»,15, and A3 along arc

length, the eigenvalue can be found by sequentially searching for the zeros of the characteristic
equation (17), F(Q2) = 0.

4. Adjoint operator system

The formal adjoint operator L*(®) [20] associated with the operator of differential equation
(15) L(¥) and the boundary conditions can be written as

1 1
/ & L(P)ds=[.. ]} + / P L4(@) ds, (18)

0 0
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where ' = V1, Vo, Vi,oo, Vi, .- [01, 0y, O3, M1, M5, M3, Uy, ...,0;5] and the system of
differential equations for adjoint operator L*(®) are as follows:

dv, E

TV, KV + Vs — (2 W

a5 2 3+ Vs <G> 7

dv, E

L TV 4T V3= Vs— (=) Vs,

s 1+ 1V3 4 (G) 8

dv

— 2 =KV~ TV, Vs,

ds

dVv, Vio

ATV — KV — [ 212),

ds > 6 (Il

dv v

2= TV + TV~ <J>

ds 12

dVe Vio\ (E

S KV, —TVs— (22 (2

ds * : (13 G)’
dv
d—7=—KV9+TV8+92V1,
S
%:FVg—TV7+QZV2,
ds
dv
d—9=—FV8+KV7+92V3,
)

1 |
; (-KV12+TV11+V8+Q2(11V4+112V5)+ (I )TVIO_VII < 12))
Vio

ds I I d /1 /
< 12) <FV12 —TVip— V7 4+ QLVs+11Vy) — (%;) TV — Vloa <£>>

12 I1
1— 1%2
LI;

dr 1 d /1 1 drv
”=FV12—TV10—V7+92(12V5+112V4)—(I >TV11—V10 <”> <”> 0

ds ds I] I] ds
dv I K
B IV +KVig+ QLVe—1n( (=) Vie—(=])V1). (19)
ds I I

For instance, the boundary condition for V(s) associated with a rod of ends fixed will be V(s) =
Va(s) = Vi(s) = Va(s) = Vs(s) = Ve(s) = 0,at s = 0 and 1. Both the differential system of the rod
vibration and its adjoint operator system are calculated to check the frequency in each other.
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5. Results and discussions

In arriving the non-dimensional Eqs. (14), the dimension in angular velocity is in a form

\/ E/pt? rather than \/ (E/pt*)(1;/A3%) as in the Euler-Bernoulli beam theory. The choice of the

dimensional reference in present work comes from the fact that there are involved four distinct
moments of inertia I, I», I}, and I3 in the problem instead of only one moment of inertia I; with
respect to x; axes to be involved. The characteristic dimension for curvature and torsion is
introduced by 1/¢. It can be interpreted that the physical quantity such as curvature can be
considered as an accumulating quantity along the arc length.

For common end conditions of the rods there are two physical properties out of four in
Q, M, U, and O, to be set zero at s =0 and 1. However, there are two combinations of the
mathematical conditions, Q =U=0and M =6 =0, not available due to lack of possible
physical application. All computations are made for two systems of differential equations; one is
the differential equation (15) and the related boundary conditions, while the other one is the
adjoint operator system of the differential equation (18) and its corresponding adjoint boundary
conditions. Mathematically, identical characteristic equations must obtain for these two systems.
The eigenvalues are checked in each other to fulfill the criterion for required computation
accuracy up to six decimal points.

First of all, Fig. 1(a) shows the geometry of an arbitrary space curve of the rod, which has an
parametrical expression as x| = 7> + sin(?), x» = 7+ > and x3 = 7 + exp(?), and its curvature and
torsion along arc length s obtained through analytical differentiation are depicted in Fig. 1(b). In
Fig. 2, the lowest four natural frequencies are plotted versus the pre-twisted angle of the

TTTTITTTTITTTTTTT

Q/(Q,)E.B.
I

[l N

25 50 75
Pre-twisted Angle

o
O

Fig. 2. The lowest four natural frequencies versus the varying pre-twisted angles for a cantilever rectangular rod of
ASPR =2, E/G = 2.6, and d/¢ = 0.01.
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rectangular cross-section area of the rod. The first frequency increases and the second frequency
decreases monotonically against the pre-twisted angle, respectively, and meet each other
asymptotically, while the third frequency increases and the fourth frequency decreases, they
look like to be met and to be crossed each other at the pre-twist angle around 2.35. The lowest
frequencies for three types of end condition of the rod, fixed—pinned, fixed—free, and fixed—fixed,
versus the pre-twisted angles are shown in Fig. 3. For the fixed—free end condition, the lowest
frequency varies with the pre-twisted angle smoothly, while for the end conditions fixed—pinned
and fixed—free, the lowest frequency varies with the pre-twisted angle at several discontinuous
slopes. As the pre-twisted angle becomes large, the effect of boundary conditions disappears. The
frequencies converge to a same value. It is shown in Fig. 4 that if the cross section area of the rod
is kept unchanged, the pre-twisted angle will not affect the natural frequency at aspect ratio equal
to one, but the effect of pre-twisted angle will become to be saturated at a pre-twisted angle
around 20 for aspect ratios 2, 4, and 8. The lowest natural frequency for two slenderness ratios of
a rod is shown in Fig. 5. As the pre-twisted angle is greater than 20, there is only slight variations
on the value of the lowest frequency. It takes note in Figs. 2, 3, and 5, that big changes in the
frequencies of the rod at smallpre-twisted angles less than 2 are observed in the result. The
variation of the lowest natural frequency for three types of function of the cross section area along
the rod is depicted in Fig. 6. Suppose one reshapes a uniform rectangular cross-section rod of
aspect ratio 4 in such a way that the cross section area varies along the arc length as a linear or
quadratic function, the natural frequency is raised about % for large pre-twisted angles. The
increase of the power in the non-uniformity function of cross-section area will push the natural
frequencies up to a higher value. In Fig. 7, it is presented the effect of E/G ratio on the lowest
frequency of the rod with pre-twisted angle varying. It is found that, as the pretwisted angle is less

FIX-PIN
— ——— FIX-FRE
———-= FIX-FIX
@
w
g
0 b b b v b b b |
0 5 10 15 20 25 30

Pre-twisted Angle

Fig. 3. The lowest natural frequency varying versus the pre-twisted angles for a rectangular rod of aspect ratio 4,
E/G =2.6, and d/¢ = 0.01 with three types of end conditions, fixed—pinned, fixed—free, and fixed—fixed.
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Q,/(Q,)E.B.

0.4

0.3

0.2

0.1

o

ASPR =1.000
———— ASPR =1.414
———= ASPR =2.000
— — — — ASPR =2.828

I L L L A R e

10 20 30 40 50 60
Pre-twisted Angle

Fig. 4. The lowest natural frequency varying versus the pre-twisted angles for a cantilever rectangular rod of E/G =
2.6, and d/¢ = 0.01 with four aspect ratios, ASPR = 1, 1.414, 2, and 2.828, the cross-section area remained constant.

1.3

1.2

1.1

=

0.9

Q,/(Q,)E.B.

——— 1/d =100
o — /=5

Pre-twisted Angle

Fig. 5. The lowest natural frequency varying versus the pre-twisted angles for a both-end-clamped rectangular rod of
E/G = 2.6, and aspect ratio = 4 with two slenderness aspect ratios, d/¢ = 0.01 and d/¢ = 0.2.

than 10, the lowest natural frequency for these two £/G ratios are not distinguishable. As the pre-

twisted angle is greater than

20, a rod with less E/G ratio will give a higher natural frequency as

expected. This agrees with the case if we consider no shear deformation, that is as G tends to
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03F — — —— A(S) = 2.0%(1-s)
r — — — — A(s) =3.0*%(1-s)**2
02F
01F
0: Ll Ll Lol Ll L1
107* 10" 10° 10 10°

Pre-twisted Angle

Fig. 6. The lowest natural frequency varying versus the pre-twisted angles for a cantilever rectangular rod of E/G =
2.6,d/¢ = 0.2 and aspect ratio = 4 with three variable cross-section areas, the total volume remained constant.

0.68

0.66

E/G=20
—— — - E/G=35

0.64

0.62

0.6

Q,/(Q,)E.B.

0.58

0.56

0.54

0.52

0 50 100 150 200
Pre-twisted Angle

Fig. 7. The lowest natural frequency varying versus the pre-twisted angles for a cantilever rectangular rod of
slenderness ratio d/¢ = 0.2 and aspect ratio ASPR =2 with two E/G ratios equal to 2.0 and 3.5.

infinity, and there will be a higher natural frequency. Finally, the cross-section area of ASPR =
1.414 is cut from the x; normal axes, and pulled apart for a gap distance but linked by a rib of
negligible mass. The lowest frequency varies along with the increase of pre-twisted angle is shown
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Q,/(Q,)E.B.

L ——— gap distance =0

0.5 — — — — gap distance = 0.2 hight
L ———— gap distance = 0.5 hight

L — — — — gap distance = 1.0 hight

0 ——— — gap distance = 2.0 hight

0 Lol Lol Lol
10° 10* 10°
Pre-twisted angle

Fig. 8. The lowest natural frequency varying versus the pre-twisted angles for a both-end-fixed uniform rectangular rod
of slenderness ratio d/¢ = 0.01, aspect ratio ASPR = 1.414 and E/G ratio equal to 2.6 with five gap distances.

in Fig. 8. It is observed that the lowest frequencies for various distance gaps will converge, as the
pre-twisted angle tends to be large. Also, for a prescribed pre-twisted angle there is always a
higher lowest frequency for a rod with higher gap distance.

6. Conclusion

The nature frequency of vibration for arbitrarily specified spatially curved rectangular rod, with
the cross section area pre-twisted along the centerline of the rod, was studied together with
the associated adjoint system by using a method of Runge—Kutta numerical integration. The
constantly increased pre-twisted angle of a rod will finally make the lowest natural frequency to be
saturated, in spite of the variations of slenderness ratio, aspect ratio of the rectangular
cross-section, E/G ratio, types of end conditions, or the functions of the cross-section area along
the rod.
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